We have calculated the O(αα s ) contributions to the relationship between the MSmass and the pole of the t-quark propagator in the Standard Model in the limit of a diagonal CKM matrix and for a massless b-quark. Analytical results for the so far unknown master-integrals appearing in the calculation are also given.
Introduction
Electroweak precision observables play an important role in the verification of the Standard Model (SM) at the quantum level. By comparing precision data with corresponding predictions it is possible to get constraints on unknown parameters, like the Higgs boson mass, or unveil new physics. For electroweak processes perturbative calculations work and converge rather well. However, as the complexity of such calculations grows dramatically with the order of the perturbation expansion, complete higher order results are available in a few cases only. Therefore, perturbative calculations are possible only at limited accuracy. We usually distinguish two types of uncertainties: unknown higher order effects and the experimental 1 errors of the input parameters. For the calculation of electroweak observables the generally accepted renormalization scheme, defining a particular parametrization, is the so called on-shell scheme [1] - [5] , where, in addition to the fine structure constant (and/or the Fermi constant), the pole masses of particles serve as input parameters. Quark masses require special consideration in this context, since on-shell quark masses are not accessible mass m of the quark under consideration. The O(αα s ) correction has a structure similar to the one in QCD, whereC =D = 0. In this case, the position of the pole −M is defined as the formal solution for ip (in Euclidean metric [21] In general in a perturbative calculation a transition amplitude T exhibiting an unstable particle resonance has the form (U, V some spinor valued amplitudes)
where R is a complex number and B is a background complex scalar amplitude which is regular at p 2 = −M 2 . T thus has the same general form as in the case of a bosonic resonance. We thus define the pole mass M and the on-shell width Γ as in the bosonic case bỹ
Since M = M ′ + O(α 2 ) and Γ = Γ ′ + O(α 2 ) for the O(αα s ) terms considered in this paper we can identify M = M ′ and Γ = Γ ′ in the following. For the remainder of the paper we will adopt the following notation: capital M ≃ ReM always denotes the pole mass; lower case m stands for the renormalized mass in the MS scheme, while m 0 denotes the bare mass. The on-shell width is given by Γ ≃ −2 ImM . In addition we use e, g and g s to denote the U(1) em , SU(2) L and SU(3) c couplings of the SM in the MS scheme.
In perturbation theory (2.2) is to be solved order by order. For this aim we expand the self-energy function about the lowest order solutionp = im 0 :
and define dimensionless "on-shell" amplitudes Σ, Σ ′ bỹ
and [20] )
where Σ L is the bare (m = m 0 ) or MS-renormalized (m the MS-mass) L-loop contribution to the amplitudes defined in (2.7) and (2.8). The two-loop one-particle irreducible diagrams contributing to the pole mass of a quark. φ 0 and φ are the neutral and the charged pseudo-Goldstone bosons, respectively. The number of diagrams is 24.
According to Eq. (2.9) we need to calculate propagator-type diagrams up to two loops on-shell. The set of two-loop one-particle irreducible diagrams is shown in Fig. 1 . In order to get manifestly gauge invariant results the Higgs tadpole diagrams, shown in Fig. 2 on the left side, should be included [2] . As was demonstrated in [19] for the self-consistency of the renormalization group (RG) approach the two-loop tadpoles of the type shown on the right side of Fig. 2 
with C f = 4/3 in the SM and N c is the number of colors (N c = 3). The one-loop O(α) result for the pole mass of a quark in the SM, in the approximation of a diagonal CabbiboKobayashi-Maskawa matrix is given by Eq. (B.5) in Appendix B of [19] . For the calculation of the two-loop propagator type diagrams with several mass scales we will use Tarasov's recurrence relations [22] which allow us to reduce all diagrams to a few master-integrals. The package ONSHELL2 [23] is used for the calculation of the single scale diagrams.
Master-integrals
This section is devoted to the calculation of the so far unknown two-loop master-integrals needed for our calculation and shown in Fig. 3 . We denote all master-integrals by T AB··· , where the first letter T = F, V, J indicates the topology in accordance with the notation introduced in [22] ; indices A, B, · · · = 0, 1, 2 characterize the relation between the corresponding internal mass to the external momentum: 0 indicates a massless line, 1 corresponds to "internal mass equal to external momentum" and 2 means that mass and momentum are different (see Fig. 3 for details). In our normalization each loop is divided by (π) 2−ε Γ(1 + ε). We will also use the short notations
for the auxiliary integrals appearing in our calculation. 
J 012
The analytical result for this type of integral for arbitrary values of the internal masses, momentum and powers of the propagators can be calculated by using the Mellin-Barnes technique [25] :
The ε-expansion for the given hyper-geometric functions were worked out in [19] and [29] . While the individual expressions are rather lengthy the results for the ε-expansion of the integrals have the compact form
where
The expressions for the original set of master-integrals then read:
, 20) where A 0 (m) is defined in (3.10).
V 0012
Let us consider the second diagram of Fig. 3 ,
with the external momentum on the mass-shell,
For this class of integrals we have only one master-integral, the one with indices (1, 1, 1, 1). For constructing the ε-expansion we may use the differential equation method [30] . In terms of the new variable r = m 2 /M 2 the result may be represented as
The analytical results for arbitrary r read
For r = 1 (on-shell case) we have:
V 1112
The last and most complicated master-integral is
where the external momentum is on the mass-shell, p 2 = −m 2 . Let us introduce here an angle θ defined via [31] 
The ε-expansion now can be written as
The analytical results for arbitrary values of the angle θ read 27) where the Ls j (θ) are so-called log-sine integrals [33] defined by
Cl j (θ) are Clausen functions,
Li j e iθ −Li j e −iθ , j even 1 2
Li j e iθ +Li j e −iθ , j odd (3.29) and the Li j are poly-logarithms. For M 2 = m 2 the angle θ is equal to π/3 and the integral is equal to the single scale diagram V1111 calculated in [34] . In this case we obtain
Another case of interest is the massless case M 2 = 0, which corresponds to θ = π/2. In this case the diagram can be reduced to J mmm (1, 1, 1) [35, 36] plus a combination of simpler vacuum diagrams. The results here are
The expression (3.27) is directly applicable in the region M ≤ 2m only. For (M > 2m) one has to perform the proper analytical continuation. How this can be done is described in details in [38, 32, 29] . For this purpose, let us introduce the new variable
which coincides with the variable y defined in (3.19) . In terms of this variable the expression (3.27) may be written as 
The results (3.16)-(3.20),(3.23) (3.32) have been checked by a heavy mass expansion [24] with the help of the packages described in [37] .
Renormalization
The mass renormalization constant Z t in the MS scheme at two loops may be written in the form
where α s = g 2 s /4π. Note that in contrast to the corresponding definition for bosons (used, e.g., in [18, 19] ), the mass renormalization constant here (i.e., for fermions) relates the masses and not the squared ones. The coefficient Z is well known [10] . For completeness we give them here:
In our calculation we obtained the two-loop renormalization constants Z where, in the SM, C f = 4/3, N c = 3 and the first five quarks are treated as massless.
The terms proportional to m 4 t are coming from the tadpole contribution and will cancel in observable quantities. We may use the SM renormalization group equations to cross-check the 1/ε 2 -and 1/ε-terms (see also [18, 19] ). The coefficient (4.35) of the 1/ε 2 term may be calculated from the relations
where we adopted the notation m t,0 = m t 1 + k Z (k) t /ε k and g j = g, g s . The anomalous dimension of the top-quark mass γ t is defined by
Translated into a relation for the coefficients Z (i,j) defined in (4.33) we have
(2,1) Note that (4.39) explicitly reveals, that the systematic inclusion of the tadpole contributions is important for the self-consistency of the RG equations. The terms proportional to 1/ε may be deduced from the RG equations calculated in the unbroken phase. It has been shown in [18, 19] (details are given in [39] ) that in the MS scheme we may write
where m 2 and λ are the parameters of the symmetric scalar potential and Y t is the topquark Yukawa coupling. As a consequence we get the following relation for the anomalous dimension of the mass of the top-quark γ t
where the relevant RG results may be found in [40] :
Finally, the parameter relations
provide the necessary bridge between Eqs. (4.41) and (4.42) and our Eqs. (4.34) and (4.36).
We now turn to the discussion of the pole-mass relation (2.9). The calculation of the one-loop MS renormalized on-shell amplitude Σ 1 (see (2.7) for the definition) is simple. We get it by rewriting the bare expression in terms of MS parameters. In terms of the amplitudes X defined by
we obtain
where X
(1)
top where X
top is given in Eq. (B.5) of Ref. [19] . We note that the explicit µ-dependence is given by the following structure:
where ∆X
(1) i does not explicitly depend on µ. At the two-loop level, we may avoid the consideration of the wave-function renormalization as well as the renormalization of the ghost sector and of the gauge parameters if we look directly at the full two-loop MS renormalized on-shell amplitude. The latter can be written in the form 
We have explicitly factorized the RG logarithms, C ααs , which may be calculated also from the one-loop result and the knowledge of the mass anomalous dimensions (see [39] for the general case): 
The C (i,j) 's in the SM (in contrast to QCD) have non-polynomial structure in the dimensionless coupling constants which originates from the tadpole contributions.
Results
The relation between the top-propagator poleM and the MS mass m t can be written as
where the r.h.s. is given by Eqs. (4.44) and (4.46). We would like to elucidate several aspects of our calculation: all diagrams have been calculated in the so-called modified MS scheme (MMS) [35] , which is defined by multiplying each loop by the factor 1/(4π) ε /Γ(1 + ε). It has been shown in [13, 18, 19] that at the two-loop level this scheme is equivalent to the MS scheme when applied to calculating mass relations. We once more emphasize that the inclusion of the tadpole diagrams, shown in Fig. 2 , is important for several reasons: i) to restore gauge invariance; ii) to get UV counterterms which coincide with the ones calculated in the unbroken phase; iii) to restore the proper form of the RG equations in the broken phase (the result (5.51) is manifestly RG invariant through O(g 4 , α
As the top is an unstable particle the pole of the top-propagator exhibits a real part which is the pole-mass M t and an imaginary part which up to a sign gives the width Γ t divided by two (see (2.5 ) for the precise definitions). The imaginary part is coming from diagrams with W, φ ± lines (see Fig. 1 as a result in terms of MS parameters. With the help of (5.54) we may get the corresponding result in terms of on-shell parameters
stands for the self-energy of the jth particle at p 2 = −m 2 j in the MS scheme and parameters replaced by the on-shell ones. The values of X (1) j are given in Appendix B of [18, 19] . The relation (5.54) includes also the transition from the MS to on-shell scheme for the electric charge. It can be described as (∆e) For numerical estimations of ∆α 
